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A term containing the transfer coefficient that is a function of the 
potential is isolated in the transfer equations, tn mathematical simu- 
lation on electrical network models this method makes it possible to 
reduce the number of nonlinear elements and significantly to simplify 
the method of solving the nonlinear transfer equations on combined 
electrical models. 

In the e l ec t r i c a l  s imu la t ion  of so lu t ions  for  n on l i ne a r  
equat ions  of ene rgy  and m a s s  t r a n s f e r  on e l ec t r i c a l  
network mode ls  it  is n e c e s s a r y  dur ing  the course  of 
the solut ion to change the e l e c t r i c a l  r e s i s t a n c e s  s i m u -  
la t ing the t h e r m a l  r e s i s t a n c e s  (R X) of the t h e r m a l  con-  
duct ivi ty  to take into cons ide ra t i on  the r e l a t ionsh ip  
between the t r a n s f e r  coeff ic ients  and the potent ia l .  To 
s impl i fy  the ca lcu la t ion  we will  examine  the n o n l i n e a r  
equat ion of nons teady  heat  conduction,  wr i t t en  in a 
r e c t a n g u l a r  coordina te  sys t em:  

3 

,=, ~Tx~j - ~ '  ~ -  + = o, (1) 

although all  that  follows is appl icable  to the h e a t - c o n -  
duction equat ion in any coordinate  sys t em as well  as 
for a sy s t em of non l i nea r  equat ions of ene rgy  and m a s s  

t r a n s f e r  [1]. 
The nodes of the r e s i s t a n c e  ne tworks  (R networks)  

or  r e s i s t a n c e  and capac i tance  ne tworks  (R-C networks)  
may  be s i tua ted  at the c o r n e r s  or  within the space .  The 
fo rm of notat ion for  the exp re s s ion  to ca lcula te  the 
p a r a m e t e r s ,  for example ,  of the R ne tworks ,  does not 
change in this  case [2]. If the nodes of the R ne tworks  

a re  s i tua ted  within the space,  

R~ = hi~R~v ( L ..~ hik , (2) 
/ = 1  I~=1 

Rt A~RN(c,~ 2 - t ,  = w2 h,~ I m) 

R==(VM--V)  KRN( w f i ~ h i k )  - I  , (4) 

In solving p r o b l e m s  of R-C networks  we calcula te  
the r e s i s t a n c e s  RX f rom (1) or (5), and the magni tudes  
of the capac i t ances  and the va lues  for  the c u r r e n t s  r e -  
spec t ive ly  s imu la t ing  the t he r ma l  capac i t ies  and heat  
sou rces  a re  d e t e r m i n e d  in a co r r e spond ing  way. 

In solving p rob l ems  with ~ = X(T) on combined  
mode ls  [3] where  the r e s i s t a n c e s  RX are  made of an 
e l e c t r i c a l l y  conductive continuous med ium,  the ach ieve-  
m e n t  of the condi t ion X = X(T), p a r t i c u l a r l y  in the so lu -  
t ion of nons teady  p r o b l e m s ,  compl ica tes  the solut ion 
to such an extent  that  the combined models  a re  used  in 
p r a c t i c a l  t e r m s  only when ~ = const .  Below we p r e s e n t  
a method which makes  it  poss ib le  in the solut ion of 
n o n l i n e a r  p rob l ems  when X = X(T) to use  cons tant  r e -  
s i s t a nc e s  for  R X in R and R-C networks  in the place of 
va r i ab l e  r e s i s t a n c e s ,  or  to use  pla tes  of constant  e l ec -  
t r i c a l  conduct ivi ty  in combined  models .  

F o r  the o n e - d i m e n s i o n a l  p rob lem,  Eq. (1) has the 
fo rm 

O(~OT) aT+ 
ax ~ - ~ a T  w = o .  (6) 

We wri te  (6) in the fo rm 

OeT 10;g ( OT ~e 1 aT 
ax ~ -  + ~ -~ -  \ G-Zx / a at + - ~  = o, (7) 

where  a = k/CT; X, c, and 7, jus t  as w, are  functions 
of T.  The e xp r e s s i ons  for the ca lcula t ion  of the R - n e t -  
work p a r a m e t e r s ,  p roceeding  f rom (7), a re  der ived  
in the s ame  m a n n e r  as in [2], and have the form 

R'~ = hiRe', (8) 

(9) 

R~ = (VM - -  V) ;~ KRN x 
o 

(lo) 

where  hik is the d is tance  f rom the node to the boundary  
of the volume e l emen t .  If the nodes of the R network 
a re  s i tua ted  at the c o r n e r s ,  

2 2 - - 1  

\ i = l  k = l  1 

where  hik is the d i s tance  between the network nodes .  
R t and R w are  ca lcula ted  f rom (2) and (3), but as in 
the ease of (4), in this  ease  hik is the d is tance  between 
the nodes .  

Here h i is the d i s tance  f rom the node to the boundar ies  
of the segment ,  s ince  (8)-(10) a re  wr i t t en  for the case 
in which the nodes a re  s i tua ted  within the e lement .  The 
e xp r e s s i ons  for  R X, R t, and R w a re  wr i t t en  ana lo -  
gously if the nodes  a re  s i tua ted  at the c o r n e r s .  

The body r e s i s t a n c e s  R X are  independent  of X, while 
the magni tudes  of the va r i ab le  r e s i s t a n c e s  R w, in this  
approach to the solut ion of the non l inea r  p rob lems  de -  
pend at each step on the va lues  of X(T), w(T), 3X/~T, 
and ~T/Sx.  If 8X/ST is not given ana ly t i ca l ly  as a func-  
t ion of T,  p roceed ing  f rom a graph or table for X(T), 



JOURNAL OF ENGINEERING PHYSICS 381 

we find 

a ~, Lrn-t - -  s (11) 
aT T~-I - -  T,+I 

The  m o r e  e x a c t  a p p r o x i m a t i o n  of the b r o k e n  l ine  for  
the  funct ion X(T), the m o r e  e x a c t  the d e t e r m i n a t i o n  
f r o m  (11) of aX/ST fo r  e ach  va lue  of the t e m p e r a t u r e  

T n = (Tn_ 1 + Tn+l ) /2 .  
The  d e r i v a t i v e  a T / a x  is  def ined  as  

a T  _ (T i_  ~ -  Ti+l ) h~ (12) 
Ox ' = . 

To d e t e r m i n e  the v a l u e s  of X, w, a?, /0T,  and  OT/Ox 
we m u s t  have the t e m p e r a t u r e  f i e ld  of the  p r e v i o u s  
a p p r o x i m a t i o n .  Then p r o p o s e d  me thod  does  not d i f fe r  
in th i s  f r o m  the convent iona l  me thod  of so lv ing  non -  
l i n e a r  p r o b l e m s  on R n e t w o r k s .  

F o r  o n e - d i m e n s i o n a l  p r o b l e m s  in which X = X(x), 
a l l  o the r  condi t ions  be ing  equa l ,  we f ind f r o m  (6) 

O=T 1 a~. a T  1 0 T  w 
- -  -}- q -  - -  ---- 0 .  ( 1 3 )  

Ox 2 ~, Ox ax  a at )~ 

Then R~ and R{ wi l l  have the  f o r m  of (7) and (8), whi le  

R'~ = ( V M - - V ) ~ , K R N  tv --k ax Ox h, �9 (14) 

On a ne twork  of cons t an t  r e s i s t a n c e s  fo r  RX o r  on a 
c o m b i n e d  mode l  th is  a p p r o a c h  m a k e s  i t  p o s s i b l e  to 
so lve  o n e - d i m e n s i o n a l  p r o b l e m s  in which  X = X(x) ; c, 
T, and w a r e  funct ions  of x and T. 

When X = X(T), j u s t  as  (8)-(10)  w e r e  d e r i v e d ,  p r o -  
ceed ing  f r o m  (1), i t  i s  p o s s i b l e  to d e r i v e  the  p a r a m -  
e t e r s  of the n e t w o r k s  so lv ing  the t h r e e - d i m e n s i o n a l  
p r o b l e m s .  F o r  R n e t w o r k s  with nodes  wi thin  the v o l -  
ume 

�9 2 2 .--1 
, ( 1 5 t  

i=1 k=l / 

(32 ) 
xi=l k=l 

(16) 

R'~ = (VM - -  V) ~ KRN • 

{I ~ ] I - - I ~  }--1 (or 7 
i=l i=1 k=l 

(17) 

We denote  in (17) the  e x p r e s s i o n  in b r a c k e t s  by w ' .  
F o r  R - C  n e t w o r k s  (nodes within the  volume)  R~ is  
def ined  f r o m  (15) 

3 2 
I '  = va' l l  ~ h,k ( ) ,  KRN) -~, (18) 

i=l k~I 

3 2 

i~1 /e=l 

where  r is  the t ime  s c a l e .  
The me thod  of c a l cu l a t i ng  r e s i s t a n c e s  fo r  the  s o l u -  

t ion of p r o b l e m s  on c o m b i n e d  m o d e l s  is  c o v e r e d  in 

[3 ,4] .  The r e s i s t a n c e s ,  c u r r e n t ,  and c a p a c i t a n c e s  f o r  
c o m b i n e d  m o d e l s  a r e  c a l c u l a t e d  a c c o r d i n g  to e x p r e s -  
s ions  ana logous  to (15)- (19) ,  with the d i f f e r ence  tha t  
the  quant i ty  R N wil l  be a funct ion of the s p e c i f i c  r e -  
s i s t a n c e  of the conduct ing  p la te  (or the e l e c t r o l y t e  
l a y e r ) .  If t h e r e  a r e  not  hea t  s o u r c e s  in (1), w in (10), 
(14), (17), and (18) should  be  a s s u m e d  to be equal  to 
z e r o .  The  to ta l  n u m b e r  of r e s i s t a n c e s  in the so lu t ion  
of p r o b l e m s  on R n e t w o r k s  wi l l  then i n c r e a s e  to a 
n u m b e r  equal  to the n u m b e r  of ne twork  nodes ,  but  the  
n u m b e r  of v a r i a b l e  r e s i s t a n c e s  r e q u i r e d  for  the s o l u -  
t ion of a n o n l i n e a r  p r o b l e m  in c o m p a r i s o n  with the 
c a s e  in which the r e s i s t a n c e s  have been c a l c u l a t e d  
a c c o r d i n g  to (2)-(5)  is  r e d u c e d .  In the so lu t ion  of non-  
l i n e a r  p r o b l e m s  on R-C  n e t w o r k s  a c c o r d i n g  to the 
me thod  d e s c r i b e d  h e r e  fo r  w = 0 add i t iona l  c u r r e n t s  
wi l l  be a pp l i e d  to the  nodes ,  with the magni tude  of 
t h e s e  c u r r e n t s  d e t e r m i n e d  f r o m  (18), but  a l l  of the 
r e s i s t a n c e s  R~ wil l  be cons tan t  dur ing  the so lu t ion  
p r o c e s s .  The  advan tages  of th is  me thod  in the  so lu t ion  
of n o n l i n e a r  t r a n s f e r  p r o b l e m s  when w = 0 a r e  obvious 
fo r  combined  m o d e l s  a s  wel l ,  d e sp i t e  the fac t  that  a d -  
d i t iona l  r e s i s t a n c e s  a r e  n e c e s s a r y  fo r  so lu t ions  by the 
L ibmann  me thod  (R) o r  add i t iona l  c u r r e n t s  in the ca se  
of so lu t ions  by the Boiken me thod  (C). 

In the so lu t ion  of nons t eady  p r o b l e m s  it  is  p o s s i b l e  
to avo id  the i n t roduc t ion  of add i t iona l  r e s i s t a n c e s  or  
c u r r e n t s  into the combined  m o d e l s  when w = 0, if e x -  
p r e s s i o n s  of the type  (1/X)(ST/aX)(3T/~x) z a r e  i n t r o -  
duced  into (16) o r  into (19) as  fo l lows:  

3 aT (at 

at 

3 

3 2 \ - a x /  

c " = [ - I  h~k~ + R,,, . (21) 
i=l k=i k 

at 

In th i s  c a se  aT/at should  be s u b s t i t u t e d  into (20) and 
(21), p r o c e e d i n g  f rom the funct ions  T = T(t) for  the 
g iven  node,  d e r i v e d  in the p r e v i o u s  a p p r o x i m a t i o n s .  
In a l l  e a r l i e r  c a s e s  the ca l cu l a t i on  of the r e s i s t a n c e s  
s i m u l a t i n g  the b o u n d a r y  condi t ions  is c a r r i e d  out in 
the  m a n n e r  of [2 -4 ] .  The d e r i v a t i o n  of the p a r a m -  
e t e r s  fo r  the ne tworks  o r  fo r  the combined  m o d e l s  in 
no way d i f f e r s  f r o m  the e a s e  p r e s e n t e d  above,  inwhieh  
the so lu t ion  of a s y s t e m  of n o n l i n e a r  equat ions  of e n e r -  
gy and m a s s  t r a n s f e r  is  s i m u l a t e d  [1]. The g e n e r a l  
a p p r o a c h  to the  so lu t ion  of such a s y s t e m ,  e . g . ,  in the 
ca se  of the t r a n s f e r  of hea t  and m o i s t u r e  in bulk g ra in ,  
is  g iven in [5], but  the equat ions  should  be modi f i ed  in 
the  m a n n e r  of (1) o r  (6) above .  

A o n e - d i m e n s i o n a l  non l inea r  s t e ady  p r o b l e m  with 
an exac t  a n a l y t i c a l  so lu t ion  was so lved  acco rd ing  to 
our  me thod  on an e l e c t r i c a l  mode l  of an R ne twork:  

The p r o b l e m  is  f o r m u l a t e d  as  fo l lows:  

a ( ~ .  aT  = 0  
a, . 72, ) (o < x <  6), 

T ( 0 ) = T , ,  T ( 6 ) = T , ;  ~ ,=~ , . (1+b73 .  
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The solution has the form 

T --- + 7"1 , (22) 
~0b b 

where 

T1 

q = (T1 - -  T2); ~av -- T1 _ T~ 
T2 

In our example  6 = 0.2 m,  T 1 = 625 ~ C, T 2 = 0 ~ C, 
X0 = 0.1, b = 0.0016. 

The R network for  a plate divided into eight segments  
r 

consis ted  of constant  (R X) and var iab le  (R w) r e s i s t -  
ances of c lass  0.2. The measur ing  c i rcui t  was p r o -  
vided by a s e r i e s -p roduc t i on  in tegra to r  of the EGDA- 
9/60 type.  

The f i r s t  approximat ion (R w off) y ie lds  the l inear  
d is t r ibut ion of t empe ra tu r e  in the plate ,  i . e . ,  the s o -  
lution with )~ = const.  

In second approximat ion the R w calcula ted a c c o r d -  
ing to (10) for  w = 0, a re  connected to the nodes of the 
model;  the maximum voltage V m is appl ied to the ends 

I 
of R w. 

The re su l t s  of the f i r s t  approximat ion made it pos -  
s ible to evaluate the total  e r r o r  in the measu remen t .  
Multiple repet i t ions  of the exper iment  demons t ra ted  
that in our example this e r r o r  did not exceed +0.05% 
of the maximum voltage value,  which amounted to 
• ~ . The r e su l t s  of the second approximat ion made 
it poss ib le  to a sce r t a in  the e r r o r  in this method in 
compar ison  with the exact  analyt ica l  solution a c c o r d -  
ing to (22). After  the second approximat ion the m a x i -  
mum e r r o r  did not exceed i1.4%, i . e . ,  • ~ 

After  the second approximat ion cor rec t ion  fac tors  
were introduced for  R~v and the th i rd  approximat ion 
demonst ra ted  that the maximum e r r o r  in compar ison  
with the solution according to (22) did not exceed 
• i . e . ,  • ~ . 

We know that even the second approximat ion yie lds  
sa t i s fac to ry  accuracy ,  while the th i rd  approximat ion 
makes  it poss ib le  to achieve a solution for  the non- 
l inear  problem with an accuracy  that is close to the 
accuracy  of the measur ing  devices in the s e r i e s - p r o -  
duced in tegra tors  of the EGDA, EI, MSM type, etc .  

The proposed  method may be used for  the solution 
of nonlinear  p rob lems  not only on R and R-C networks 
and on combined e l ec t r i ca l  models ,  but also in the 
solution of nonl inear  p rob lems  on e l ec t r i ca l  models  

with a d i s t r ibu ted  capaci tance [6], on hydraul ic  in te -  
g r a t o r s  of var ious  des igns ,  as well as in the solution 
of (1) by analyt ica l  or numer ica l  methods.  

It is obvious that  the g rea t e s t  advantages of the 
proposed  method a r i s e  in the solution of nonl inear  
p rob lems  on combined models .  

NOTATION 

RX, Rt, and R w a re  e l ec t r i ca l  r e s i s t a nc e s ,  with 
the help of which it is  poss ib le  to s imula te  t he rma l  r e -  
s i s tances  of t he rma l  conductivity,  heat  capaci ty  and 
heat  sources ,  r e spec t ive ly ;  R N is the sca le  of t r a n s i -  
t ion f rom the rmal  to e l ec t r i ca l  r e s i s t ances ;  T is the 
t e m p e r a t u r e ;  t is  the t ime;  ~, c, and y are  the the rmal  
conductivity,  specif ic  heat capaci ty  by weight, and 
speci f ic  weight, r e spec t ive ly ;  w is the source (sink) 
of heat;  V m is the maximum (minimum) value of vol t -  
age; V is the voltage in a given a s sembly  at a given 
t ime;  K is the sca le  of t rans i t ion  f rom t empera tu re s  
to vol tages;  I and C a re  the cur ren t  and capacity s imu-  
lat ing a heat  flux w and heat  capacity of an element ,  
re  spe ct ively.  
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